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CONTROLLED TOPOLOGICAL PHASES AND
BULK-EDGE CORRESPONDENCE
YOSUKE KUBOTA
Abstract. In this paper, we introduce a variation of the notion of
topological phase reflecting metric structure of the position space. This
framework contains not only periodic and non-periodic systems with
symmetries in Kitaev’s periodic table but also topological crystalline
insulators. We also define the bulk and edge indices as invariants tak-
ing values in the twisted equivariant K-groups of Roe algebras as gen-
eralizations of existing invariants such as the Hall conductance or the
Kane–Mele Z2-invariant. As a consequence, we obtain a new mathemat-
ical proof of the bulk-edge correspondence by using the coarse Mayer-
Vietoris exact sequence.
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1. Introduction
In condensed matter physics, it is known that some physical quantities are
related to the topology of the Hamiltonian operator, which gives a reason for
them to be quantized and robust. A classical example is the 2-dimensional
integer quantum Hall effect (IQHE). Here, the Hamiltonian operator with
translation symmetry is regarded as a continuous family of self-adjoint op-
erators on the Brillouin torus (the Pontrjagin dual of the translation group
Z2) by the Fourier transform. If the Hamiltonian has a spectral gap at the
Fermi level, the family of spectral subspaces corresponding to the gap forms
a vector bundle on the Brillouin torus. The first Chern numbers of this
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vector bundle, which classifies vector bundles on the 2-dimensional torus, is
called their bulk index and related to the Hall conductance by the TKNN
formula [TKNdN82]. On the other hand, from the viewpoint of the edge
channel picture, the Hamiltonian with a spectral gap at the Fermi level is
insulated in the bulk and an electric flow occurs at the edge of the material.
More precisely, the edge Hamiltonian obtained by cutting the bulk Hamil-
tonian by the projection onto the half-plane gives a continuous family of
Toeplitz operators on the 1-dimensional torus. Its spectral flow is called
the edge index and regarded as the number of edge channels and hence the
Hall conductance. The bulk-edge correspondence ensures that these two Hall
conductances obtained from different presentations actually coincide. This
is first proved by Hatsugai using the topology of a Riemann surface [Hat93].
These arguments are understood systematically in terms of K-theory and
cyclic cohomology for C∗-algebras, which are basic tools in noncommuta-
tive geometry. We remark that the Brillouin torus is the same thing as
(the Gelfand-Naimark dual of) the group C∗-algebra C∗r (Z
2). Actually, the
bulk and edge Hamiltonian operators determine elements in K0(C
∗
r (Z
2)) and
K1(C
∗
r (Z)) respectively. Moreover, the TKNN formula is translated into the
language of noncommutative geometry as the pairing between these elements
and the fundamental cyclic cocycle by Bellissard [Bel88]. In [KRSB02], a
simple proof of the bulk-edge correspondence is given by using the boundary
map of the six-term exact sequence of K-groups associated to the Toeplitz
exact sequence.
A merit of this noncommutative geometric approach is that it can be ap-
plied for more general settings. Particularly, it is remarkable that it enables
us to deal with the case that the translation symmetry is broken by disorder
[Bel86,Con94,BvESB94,KRSB02,KSB04]. Here, the study of the topology
of quantum systems is divided into two problems: classification of topolog-
ical phases (homotopy classes of gapped quantum systems) and calculation
of the indices, which are related to physical quantities. Actually, in this case
topological phases are no longer classified by the index but by the K-group
of the crossed product Zd ⋉ C(Ω), which plays the role of the noncommu-
tative Brillouin torus. Here, Ω is a certain compactification of Zd which
is regarded as the probabilistic space of random Hamiltonians. The bulk
index is defined in the same way as the translation-invariant case by using
a cyclic cocycle. In [KRSB02], the corresponding edge index is also defined
and the bulk-edge correspondence is proved by using the Toeplitz extension
for crossed products by Z. As for bulk systems, they are generalized by
Bellissard and his collaborators [Bel92,BHZ00,Bel03] to materials without
any translation symmetry on its distribution of atoms such as quasi-crystals.
They adopt a certain groupoid C∗-algebra as the noncommutative Brillouin
torus.
In the recent study of topological insulators and topological superconduc-
tors, some of their topological invariants take values in Z2 instead of Z. For
example, consider 2-dimensional spin quantum Hall systems [KM05], that
is, a quantum system with time-reversal symmetry (an antilinear unitary
operator) whose square is −1. Here, the vector bundle given by a spectral
subspace of the bulk Hamiltonian determines an element in the KQ0-group
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of the Brillouin torus with the canonical involution, which is isomorphic to
Z ⊕ Z2. The corresponding element in the second component Z2 is called
the Kane–Mele invariant. In this case, the bulk-edge correspondence ensures
that this invariant coincides with the parity of helical edge channels. It is for-
mulated and proved by Avila–Schulz-Baldes–Villegas-Blas [ASBVB13] and
Graf–Porta [GP13] by means of an additional symmetry coming from spin
operators and the topology of Riemann surfaces like [Hat93] respectively.
Moreover, a Z2-invariant is also defined for disordered systems in [GSB15]
and [KK15].
More generally, there are three fundamental operators in quantum me-
chanics: particle-hole symmetry C (odd and antilinear), time-reversal sym-
metry T (even and antilinear) and chiral (sub-lattice) symmetry P (odd
and linear). By Altland–Zirnbauer [AZ97] and Kitaev [Kit09], symmetries
of quantum mechanics generated by some of these operators are classified
in 10 types, each of which corresponds to one of 2 complex and 8 real
Clifford algebras. For each of them, classifications of topological phases
(for both periodic and nonperiodic systems) are given by Thiang [Thi15]
and Kellendonk [Kel15] by using Karoubi’s K-theory and van Daele’s K-
theory respectively. The notion of (bulk) index for them is introduced by
Großmann–Schulz-Baldes [GSB15] as the pairing with a K-cycle. For the
bulk-edge correspondence, there is a KK-theoretic approach by Bourne–
Carey–Rennie [BCR15]. In addition to them, a more detailed classification
for periodic systems is given by using homotopy theory in a series of works
by Nittis–Gomi [DNG14,DNG15b,DNG15a].
In [FM13], Freed and Moore studied quantum systems with symmetries
given by finite extensions of translation groups such as topological crys-
talline insulators [Fu11,CYR13]. A remarkable feature of their approach is
that they developed the theory in an axiomatic way starting from a small
number of general principles. According to Wigner’s theorem [Wig59] (see
also Section 1 of [FM13]), a symmetry of quantum mechanics is given by
a twisted (i.e. even/odd projective unitary/antiunitary) representation of
a group on a Z2-graded complex Hilbert space, which are classified by a
triplet (φ, c, τ) of group cocycles called twists (Definition 2.1). From this
viewpoint, a CT-symmetry (a symmetry of quantum mechanics generated
by some of CPT operators) is characterized as a certain twist of a subgroup
A of Z2 × Z2. Actually, the Altland–Zirnbauer classification is reproved in
Proposition 6.4 of [FM13] in terms of the group cohomology. They gave a
classification of topological phases with the symmetry given by (G,φ, c, τ)
in terms of twisted equivariant K-theory of groupoids when G is a Galilean
symmetry.
In this paper, we introduce a new framework of topological phases, which
is a relevant generalization of the one introduced in [FM13] for systems
with an arbitrary symmetry of quantum mechanics such as translations (not
necessarily cocompact), rotations and their combinations.
First, for simplicity we describe the case that the system does not have
any symmetry. We focus on the property of tight-binding Hamiltonians
that their propagations are controlled at the position space (or distribution
of atoms) represented by a discrete metric space X. Actually, in previous
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researches such as [BvESB94], Hamiltonian operators are assumed to be
approximated in the norm topology by operators whose propagations (the
maximum of d(x, y) such that Hx,y 6= 0) are finite. This assumption corre-
sponds to continuity of its Fourier transform in the case that H is translation
invariant. We say that such a Hamiltonian is a bulk Hamiltonian controlled
at X and two Hamiltonians are in the same controlled topological phase if
they are homotopic (more precisely, see Definition 3.1).
The norm closure C∗u(X) of the algebra of bounded operators with finite
propagation on ℓ2(X) is called the uniform Roe algebra of X. This C∗-
algebra is similar to the noncommutative Brillouin torus. Actually, when
X = Zd as a metric space, C∗u(X) is isomorphic to the crossed product
Zd ⋉ C(βX) where βX is the Stone–Cˇech compactification of X (Exam-
ple 2.23). Now, the set of controlled topological phases is nothing but
K0(C
∗
u(X)) as in the noncommutative geometric approach for disordered
systems (Proposition 3.4).
The uniform Roe algebra of a metric space is one of central subjects in
coarse geometry, a part of geometry studying “large-scale” properties of
metric spaces and identifying two spaces that look the same from a large
distance such as the Euclidean space and its lattice. Actually, the set of
topological phases is flexible with respect to deformation of distribution of
atoms. More precisely, it is independent of the choice of discrete subsets of
the Euclidean space which is distributed uniformly (i.e. Delone sets, Defini-
tion 2.25).
Unfortunately, the K-group of the uniform Roe algebra is in general highly
complicated and often has uncountably many basis. On the other hand, K-
theory of another C∗-algebra called the Roe algebra, which is originally intro-
duced by Roe [Roe88,Roe93] for the purpose of studying index theory of non-
compact manifolds, is easy to handle and widely studied. A useful tool is the
(equivariant) coarse Baum–Connes map [HR95,Yu97b, Sha08], which gives
an isomorphism between a certain K-homology groups and K-groups of Roe
algebras (note that there is another use of the Baum-Connes isomorphism in
connection with the T-duality studied in [MT15a,MT15b,MT15c,HMT15]).
For example, whenX is a lattice of Ed, the groups K∗(C
∗(X)) are isomorphic
to Kd−∗(pt). Here, we consider the canonical homomorphism of K-groups
induced from the inclusion C∗u(X) ⊂ C
∗(X). Roughly speaking, it gives a
rough classification of topological phases, which captures the primary part
of the topology of quantum systems (see Remark 4.10). Actually, it coin-
cides with the Hall conductance defined by the pairing with the fundamental
cyclic cocycle. Therefore, we call it the bulk index.
Another powerful tool for the study of the K-theory of (uniform) Roe alge-
bras is the coarse Mayer–Vietoris exact sequence [HRY93]. Fortunately, the
boundary map of the coarse Mayer–Vietoris exact sequence for a partition
X = Y+ ∪ Y− provides a good explanation of the bulk-edge correspondence:
it maps a bulk Hamiltonian H to the corresponding edge Hamiltonian Hˆ
obtained by cutting H by the support projection onto Y1. Following this,
we give a definition of edge quantum systems controlled at a pair Z ⊂ Y
of metric spaces (corresponding to the edge and the bulk of a material) in
Definition 3.10. The set of controlled edge topological phases is actually
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isomorphic to (a subgroup of) the K−1-group of the relative uniform Roe
algebra C∗u(Z ⊂ Y ) (Definition 2.21). The edge index is also defined in
the same way as the bulk case. Finally, the bulk-edge correspondence is a
consequence of the fact that the Mayer–Vietoris boundary map is an iso-
morphism for good partitions. This formulation is more intuitive than the
previous approach using Toeplitz extensions for Z-crossed products because
the edge algebra Zd−1 ⋉ C(Ω) is a subalgebra of infinite direct product of
C∗u(Z) (see Corollary 2.34 and its proof).
The same arguments work for the study of quantum systems with sym-
metries of quantum mechanics. We deal with the situation that a discrete
group G acts in the position space properly and isometrically. Under an
assumption on twists (Assumption 2.27), we show that the bulk and edge
topological phases are classified by a modification of the twisted equivari-
ant K-theory of invariant uniform Roe algebras (Definition 2.21). Here, we
use the twisted equivariant K-group for C∗-algebras defined in [Kub15] as
a generalization of van Daele’s K-theory. The bulk and edge indices take
values in a modification of the twisted equivariant K-group of the invariant
Roe algebras, which are calculated by the equivariant coarse Baum-Connes
isomorphism (Theorem 2.30).
As long as considering about CT-symmetries, the twisted equivariant K-
group is the same thing as DK-groups in [Kel15] or the description of KR-
groups by Boersema–Loring [BL15]. Moreover, our bulk index is the same
thing as the index pairing in [GSB15] (Remark 2.13). In particular, for type
A and AII topological insulators, it coincides with the Hall-conductance and
the Kane-Mele invariant respectively (Example 4.4 and Example 4.6). Even
in this case, our approach gives a generalization of the bulk-edge correspon-
dence for materials whose distribution of atoms have no translation symme-
try such as quasi-crystals. In particular, we obtain the bulk-edge correspon-
dence for systems whose edge is not straight, which is studied from a different
point of view for type A and AII insulators by Prodan [Pro09b,Pro09a].
Moreover, in this framework we can deal with topological crystalline insu-
lators with symmetry-preserving disorder. For example, when we consider
the group A × Z2 where Z2 acts on E
d as a reflection, we obtain the same
classification list as indicated in [CYR13,MF13] (Example 4.8). Here, the
use of twisted equivariant K-theory is essential since we deal with the case
that the reflection operator commutes or anticommutes with CPT operators.
It is pointed out by Jean Bellissard and Johannes Kellendonk that, al-
though the uniform Roe algebra is similar to the groupoid C∗-algebra of
Bellissard, the (uniform) Roe algebras are not able to play the role of the
noncommutative Brillouin zone since they are too large as the C∗-algebra of
observables. Actually, they are not even separable. A reasonable interpreta-
tion is that the uniform Roe algebra of X is the universal algebra containing
every observable algebras controlled at X.
2. Preliminaries
2.1. Twisted equivariant K-theory. Throughout this paper, we use the
letter R for the real number field as a real C∗-algebra (instead of the real line
as a topological space) unless otherwise noted. We use the same letter for a
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real C∗-algebra (a real Banach ∗-algebra satisfying the C∗-condition) and the
corresponding Real C∗-algebra (a C∗-algebra with an antilinear involution).
For a complex C∗-algebra A, we write AR for the underlying real C
∗-algebra.
For an element a in a Real C∗-algebra A, we write 0a := a and 1a := a.
2.1.1. Definitions. First, we prepare terminologies on twists of groups in the
sense of [FM13]. For more details, see for example Section 2 of [Kub15].
Definition 2.1. For a countable discrete group G, a twist on G is a triple
(φ, c, τ) where φ, c ∈ Hom(G,Z2) and τ ∈ H
2(G;Tφ), where Tφ is the abelian
group T with the G-action given by g · t := φ(g)t.
A 2-cocycle τ ∈ H2(G;Tφ) corresponds to a φ-twisted central extension of
G by T, that is, an extension 1→ T→ Gτ → G→ 1 such that gtg−1 = φ(g)t
for any t ∈ T and g ∈ Gτ . For a twist (φ, c, τ) of G, a (φ, c, τ)-twisted
representation (H, U) of G (or a PUA representation [Thi15]) is a unitary
representation of Gτ on a Z2-graded Hilbert space H which is
◦ φ-linear (Ug is complex linear if φ(g) = 0 and antilinear if φ(g) = 1),
◦ c-graded (Ug is even if c(g) = 0 and odd if c(g) = 1) and
◦ τ -projective (Ut are the scalar multiplications for t ∈ T).
We write γH for the grading operator of H. When G is finite, we remark
that φHc,τG := (ℓ
2(G)⊕ℓ2(G)op)∞ ⊗ˆV is independent of the choice of (φ, c, τ)-
twisted representations V and contains all separable (φ, c, τ)-twisted repre-
sentations of G when G is finite. We simply write φKc,τG := K(
φH
c,τ
G ). Note
that Kc1,τ1G ⊗ˆK
c2,τ2
G
∼= K
c,τ
G where c := c1 + c2 and τ := τ1 + τ2 + ǫ(c1, c2).
Here, the 2-cocycle ǫ(c1, c2) is determined by ǫ(c1, c2)(g, h) := (−1)
c1(h)c2(g).
A φ-twisted G-C∗-algebra is a C∗-algebra A together with a φ-linear G-
action α : G×A→ A. For example, any Real G-C∗-algebra has a structure
of φ-twisted C∗-algebra for arbitrary φ by the action α˜g(a) :=
φ(g)αg(a). In
particular, we call the action αg(a) :=
φ(g)a the trivial φ-twisted action of
G on a Real C∗-algebra A.
For a φ-twisted G-C∗-algebra A, we say that a ∈ A is c-twisted G-invariant
if αg(a) = (−1)
c(g)a and we write FGc,V(A) for the space of c-twisted G-
invariant symmetries (i.e. self-adjoint unitaries) s ∈ A ⊗ˆK(V). For an in-
clusion V ⊂W, we have FGc,V(A)→ F
G
c,W(A) given by s 7→ s⊕ γV⊥ .
Definition 2.2 (Theorem 5.14 of [Kub15]). Let G be a finite group and let
A be a φ-twisted G-C∗-algebra. We define the twisted equivariant K0-groups
by
φKG0,c,τ (A) :=
⋃
V
FGc,V(A)/ ∼homotopy
where V runs over all finite dimensional (φ, c, τ)-twisted representations.
In the same way as the usual K-theory, we have an isomorphism
φKG−1,c,τ (A)
∼= φKG0,c,τ(B(HG,A)/K(HG,A))
where HG,A := ℓ
2(G)∞ ⊗A. In other words,
φKG−1,c,τ(A)
∼= FredGc (
φH
c,τ
G,A)/ ∼homotopy,
where FredGc (
φH
c,τ
G,A) is the set of bounded, c-twisted G-invariant and self-
adjoint operators F on φHc,τG,A :=
φH
c,τ
G ⊗ A such that F
2 − 1 is compact.
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For an exact sequence 0 → I → A → A/I → 0 of φ-twisted G-C∗-algebras,
we define the homomorphism
∂ : φKG0,τ,c(A/I)→
φKG−1,τ,c(I), ∂[s] = [σ(sˆ)]
where
σ : A ⊗ˆK(V) ⊂ A ⊗ˆK(φHc,τG )→M(I ⊗K(
φH
c,τ
G ))
∼= B(φH
c,τ
G,I)
is the ∗-homomorphism as in Proposition 2.1 of [Lan95] (for a C∗-algebra A,
we write M(A) for its multiplier algebra) and sˆ is a c-twisted G-invariant
self-adjoint lift of s in A ⊗ˆK(V). Theorem 5.14 of [Kub15] asserts that
· · · → φKG0,τ,c(A)→
φKG0,τ,c(A/I)
∂
−→ φKG−1,τ,c(I)→
φKG−1,τ,c(A)→ · · ·
is a long exact sequence.
Remark 2.3. In [Kub15], the twisted equivariant K-groups φKG∗,c,τ (A) are in
general defined for Z2-graded φ-twisted G-C
∗-algebras. We remark that
φKG∗,c,τ(A)
∼= φKG∗ (A ⊗ˆK
c,τ
G )
∼= KRG∗ ((A ⊗ˆK
c,τ
G )R)(2.4)
where τ := τ + ǫ(c, c) (Proposition 3.12 of [Kub15]).
Remark 2.5. For a φ-twisted Z2-graded G-C
∗-algebra A, the twisted crossed
product G ⋉φc,τ A is the Z2-graded real C
∗-algebra generated by unitaries
{ug}g∈G and AR with the relations
ugau
∗
g = (−1)
c(g)|a|αg(a), uguh = τ(g, h)ugh,
which has a canonical Z2-grading determined from that of A and γ(ug) :=
(−1)c(g)ug (for more precise definition, see Definition 4.4 of [Kub15]). The
twisted Green-Julg theorem (Theorem 4.10 of [Kub15]) asserts that there is
an isomorphism
φKG∗,c,τ (A)
∼= KR∗(G⋉
φ
c,−τ A).(2.6)
Remark 2.7. In Section 3 of [Kub15], the twisted analogue of the KK-group,
in particular the K-homology group, is also defined.
An element of φKKGc,τ (A,R) is represented by a
φK0,c,τG -cycle , that is, a
triple (H, ϕ, F ) where H is a (φ, c, τ)-twisted representation of G, ϕ : A →
B(H) is a graded ∗-homomorphism, and F ∈ B(H) is an odd self-adjoint
operator such that [F,ϕ(a)], ϕ(a)(F 2−1), ϕ(a)[Ug , F ] ∈ K and [Ug, ϕ(a)] = 0
for any a ∈ A and g ∈ G.
The twisted Kasparov product gives a pairing
〈 , 〉 : φKGc1,τ1(A)⊗
φKKGc2,τ2(A,R)→
φKGc,τ (R),
where c = c1 + c2 and τ = τ1 + τ2 + ǫ(c1, c2).
Remark 2.8. For a subgroup H ≤ G, there is a canonical isomorphism
φKG∗,c,τ (A⊗ C(G/H))
∼= φKH∗,c,τ (A)
given by [s] 7→ [seH ], where s =
⊕
sgH ∈ (A ⊗ˆK(V)) ⊗ C(G/H) (Theorem
20.5.5 of [Bla98]). Hence we obtain the ℓ2-induction functor
ℓ2-IndGH :
φKH∗,c,τ (A)
∼= φKG∗,c,τ (A⊗C(G/H))
l∗−→ φKG∗,c,τ (A),
where l : C(G/H)→ K(ℓ2(G/H)) is the inclusion.
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For example, in the case of topological K-theory, IndG×TG : K
0
G(X) →
KR0G(X) maps a complex vector bundle V to the underlying real vector
bundle VR.
Passing through the Green–Julg isomorphism (2.6), ℓ2-IndGH is the same
thing as the homomorphism of KR-groups induced from the inclusion of real
C∗-algebras H ⋉φc,−τ A→ G⋉
φ
c,−τ A.
Finally, we remark that the notion of twists and twisted equivariant K-
theory are in general defined for groupoids. For the definition, see Section
7 of [FM13]. In particular, for an action groupoid G ⋉ X, a twist ν ∈
H2G(X,Tφ) corresponds to a (φ, c, τ)-twisted G-equivariant Hilbert bundle
E (Theorem 2.1 of [Kub15]) and φK∗,c,νG (X)
∼= φK∗G(K(E)).
Example 2.9. Let 1→ Π→ G→ Q→ 1 be an extension of discrete groups
such that Q is finite and Π is free abelian and let (φ, c, τ) be a twist of Q.
We write BΠ for the Pontrjagin dual of Π, on which q ∈ Q acts as
(q · χ)(a) = φ(q)χ(q˜aq˜−1)
where q˜ is a lift of q on G. As in Section 2 of [Roe02], we write ℓ2Π(G) for
the completion of cc(G) by the C
∗
r (Π)-valued inner product
〈f1, f2〉 =
∑
h∈Π
f1(gh)f2(h)λh.
In other words, ℓ2Π(G) is the section space of a Hilbert bundle over BΠ.
Hence the φ-twisted G-action Ug(f)(h) :=
φ(g)f(gh) on ℓ2Π(G) gives a (φ, ν)-
twisted action of Q for some ν. By Theorem 4.1 and Corollary 3.7 of [PR89],
we can check that
G⋉B ∼= Q⋉ν (C
∗
r (Π)⊗B) ∼Morita Q⋉ (K(ℓ
2
Π(G)) ⊗B)
for any Q-C∗-algebra B and hence we obtain
φK∗,c,τ+νQ (BΠ)
∼= φKQ∗,c,τ (K(ℓ
2
Π(G)))
∼= KR∗(G⋉ (
φK
c,τ
Q )R)(2.10)
by (2.4) and the Green–Julg theorem.
When ν = 0 (that is, G ∼= Q⋉ Π), the collapsing map BΠ → pt and the
inclusion pt→ BΠ into the origin induce a direct sum decomposition
φK∗,c,τQ (BΠ)
∼= φK
∗,c,τ
Q (BΠ,pt)⊕
φK∗,c,τQ (pt),
where φK∗,c,τQ (BΠ,pt) is the reduced K-group and
φK∗,c,τQ (pt) is the trivial
part. On the other hand, there is no such decomposition when ν 6= 0. In
this case, we characterize “trivial” elements as following. For each finite
subgroup F of G, we identify it with the image q(F ) ⊂ Q and set H :=
q−1(F ). Then, H ∼= F ⋉ Π since there is a splitting. Now we consider
ℓ2-IndQF :
φK∗,c,τF (BΠ)→
φK∗,c,τ+νQ (BΠ) and we write
Triv := span{ℓ2-IndQF (
φK∗,c,τF (pt)) | F ≤ G is finite} ⊂
φK∗,c,τ+νQ (BΠ).
2.1.2. CT-type symmetries. For a quadruple (G,φ, c, τ), we write G0 :=
Ker(φ, c) and A := Im(φ, c) ⊂ Z2 × Z2.
Definition 2.11. We say that a quadruple (G,φ, c, τ) is
◦ a CT-type symmetry if there is a splitting s : A → G and τ is the
pull-back of a 2-cocycle on A,
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◦ a product CT-type symmetry if G = A×G0 and τ is a 2-cocycle on
A,
◦ a CT-symmetry if G0 is trivial.
For a CT-type symmetry, we say that the pair (A, τ) is its CT-type.
It is proved in Proposition 6.4 of [FM13] that there are 10 choices of pairs
(A, τ) where A of G := Z2 × Z2 and τ is a 2-cocycle of A, each of which
corresponds to a Cartan labels as indicated in Table 1. Here, we write C,
T, P for subgroups of G generated by C := (1, 1), T := (1, 0), P := (0, 1)
respectively. In fact, (A, τ) is classified by C2 = ±1 and T 2 = ±1 where
C, T, P are lifts of C, T , P in Aτ such that P 2 = 1 and CT = P .
Lemma 2.12 (Corollary 5.16 of [Kub15]). Let (G × A, φ, c, τ) be a prod-
uct CT-type symmetry and let A be a Real G-C∗-algebra on which A acts
trivially. Then, φKG×A0,c,τ (A) is isomorphic to one of K
G
∗ (A) or KR
G
∗ (A) as
indicated in Table 1 below.
It follows from the fact that the twisted group algebras of CT-symmetries
are isomorphic to Clifford algebras and (2.6). In this paper, we simply
write as KLG∗ (A) :=
φKG×A∗,c,τ (A) by using its Cartan label L. For example,
KAIIG∗ (A)
∼= KQG∗ (A) and KBDI
G
∗ (A)
∼= KRG∗+1(A).
A 1 P T C G
C2 ❛❛
❛
❛
❛
❛❛
❛
❛
❛❛
❛
❛
❛❛
1 −1 1 1 −1 −1
T 2 ❛❛
❛
❛
❛
❛❛
1 −1 ❛❛
❛❛
❛
❛
❛❛
1 −1 1 −1
Cartan A AIII AI AII D C BDI DIII CI CII
KLG0 K
G
0 K
G
1 KR
G
0 KR
G
4 KR
G
2 KR
G
6 KR
G
1 KR
G
3 KR
G
7 KR
G
5
Table 1. The 10-fold way for twisted equivariant K-groups
Remark 2.13. The groups KL0(A) are essentially the same thing as the
DK-groups studied in [Kel15]. Moreover, for real Cartan labels, the iso-
morphisms KL0(A) ∼= KRj(A) are given in another way by Boersema–
Loring [BL15]. Actually, when P 6∈ A, U
(j)
∞ (A) in [BL15] is the same thing as⋃
φFAc,V(A). Similarly, when P ∈ A, s 7→ Φ(sγV)Φ (where Φ := (1 + P )/2)
gives a one-to-one correspondence between
⋃
φFAc,V(A) and U
(j)
∞ (A). Set
V′ := V if P 6∈ A and V′ := ΦV if P ∈ A.
They introduce Real C∗-algebras Aj which are KK-equivalent to Cℓ0,j
and KKR(Aj , A) ∼= [Aj , A⊗K]. By functoriality, for any s ∈
φFAc,V(A) there
is a ∗-homomorphism ψs : Aj → A ⊗ K(V
′) such that [s] = [ψs(u0)] under
the above identification, where u0 ∈ U
(j)
∞ (A˜j) is a distinguished element such
that [u0] ∈ KRj(Aj) ∼= Z is the generator.
This identification is useful for studying the Kasparov product. Let
(A, φ, c, τ) be the CT-symmetry corresponding to KRd-theory and setHd :=
H
c,τ
A
. Set
FSj,d := {(F, s) ∈
φFredAc (Hd)
odd × U (j)(B(Hd))
even | [F, s] ∈ K}
if j = −1, 0, 1, 2 and FSj,d := FSj−4,d+4 if j = 3, 4, 5, 6. Applying the
above identification for the C∗-algebra D := {T ∈ B(Hd)
even | [T, F ] ∈ K},
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we obtain an isomorphism KRd(Aj) ∼= π0(FSj,d) (note that KR
d(Aj+4) =
KRd(Aj ⊗H) ∼= KR
d+4(Aj)).
Let s ∈ φFAc,V(A) corresponding to ψs : Aj → A ⊗ K(V
′). Then, by the
above identification, the Kasparov product
KKR(Aj , A)⊗KKR
d(A,R)→ KKRd(Aj ,R)
is given by
[ψs]⊗A [H, ϕ, F ] = [H ⊗ V
′, ψs ◦ ϕ,F ⊗ 1],
which corresponds to [F ⊗1, (ϕ⊗ idK(V′))(s)] ∈ π0(FSj,d) under an arbitrary
embedding of H ⊗ V′ into Hd (j = −1, 0, 1, 2) or Hd+4 (j = 3, 4, 5, 6).
Explicit isomorphisms of π0(FSj,d) with Z or Z2 are given by the index
pairings investigated by Großmann–Schulz-Baldes [GSB15]. In other words,
their index pairing is the same thing as the Kasparov product.
Example 2.14. The groups KRj(R) for j = 0, 1, 2, 3, 4, 5, 6, 7 are isomorphic
to Z,Z2,Z2, 0,Z, 0, 0, 0 (the 8-fold Bott periodicity). Hence the twisted equi-
variant K-group φKA0,c,τ (R) for CT-symmetries are isomorphic to one of Z,
Z2 or 0 as indicated in Table 2.
d A AIII AI BDI D DIII AII CII C CI
0 Z 0 Z Z2 Z2 0 Z 0 0 0
1 0 Z 0 Z Z2 Z2 0 Z 0 0
2 Z 0 0 0 Z Z2 Z2 0 Z 0
3 0 Z 0 0 0 Z Z2 Z2 0 Z
Table 2. the group KLd(R)
Example 2.15. The group KRGd (R) for d = 0, . . . , 7 is written in terms of the
representation ring as
RR(G), RR(G)/ρR(G), R(G)/jRH(G), 0, RH(G), RH(G)/ηR(G), R(G)/iRR(G), 0
(for the definition of i, j, ρ and η, see Section 6 and Section 8 of [AS69]).
Hence, we can write down KLG∗ (R) in terms of the representation rings.
These groups are also understood in terms of the Frobenius–Schur indi-
cator (Chapter 13.2 of [Ser77]). For any finite group G,
C∗r (G)
∼=
⊕
π∈Irr(G)1
Mlpi(R)⊕
⊕
[π]∈Irr(G)0/∼
Mlpi(C)⊕
⊕
π∈Irr(G)−1
Mlpi/2(Q),
where lπ := dimC π, Irr(G)i is the set of irreducible representations whose
Frobenius–Schur indicator are i = 1, 0,−1 and π ∼ π′ in Irr(G)0 if and only
if π′ = π or π∗. Hence we obtain
KRG∗ (R)
∼= KR∗(R)
n1 ⊕K∗(C)
n0/2 ⊕KQ∗(R)
n−1(2.16)
where ni := | Irr(G)i| for i = 1, 0,−1.
For example, consider the case that G = Z/kZ. By the Pontrjagin duality,
we obtain C∗r (Ck)
∼= C(Gˆ) with the involution χ 7→ χ (here Gˆ is identified
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with the group of roots of unity). Hence we obtain
KLCk∗ (R)
∼=


Kj+∗(C)
k KL∗ ∼= Kj+∗,
KRj+∗(R)⊕Kj+∗(C)
k−1
2 KL∗ ∼= KRj+∗, k is odd
KRj+∗(R)
2 ⊕Kj+∗(C)
k−2
2 KL∗ ∼= KRj+∗, k is even.
(2.17)
Example 2.18. As in Example 2.14, KAII2G(R), KDIII
1
G(R) and KCII
3
G(R) are
isomorphic to R(G)/RH(G). In fact, the canonical surjection from R(G) to
these groups is given by the ℓ2-induction from G′ := Kerφ.
To see this, first we reduce the problem to ℓ2-IndTe : K
G
0 (Cℓ2)→ KR
G
0 (Cℓ2,0)
by the Green–Julg isomorphism (2.6) and show that ℓ2-IndTe : K
−2
G (pt) →
KR−2G (pt) is the desired surjection. It follows from the fact that the sur-
jection R(G) ∼= MR2 (G) → KR
0
G(D
2, S1) in Section 8 of [AS69] maps [V ]
to
[D2 × VR,D
2 × VR, x+ iy] ∈ KR
0
G(D
2, S1),
which is the same thing as ℓ2-IndTe (β ⊗ [V ]) where β is the Bott generator.
Example 2.19. Let R := Z2 and consider an arbitrary twist on G := R× A
such that φ and c come from that of A. We write the generator of Z2 as
R. In the same way as Lemma 6.17 of [FM13], lifts C, T,R of C, T and R
satisfies (CT )2 = 1 and R2 = 1. Hence, τ is classified by C2 = ±1, T 2 = ±1,
CR = ±RC and TR = ±RT . The classification list is given in Table I of
[CYR13].
Let us consider the R-action on Cℓ0,1 induced from the reflection of R,
that is, the ∗-automorphism given by R ·1 = 1 and R ·e = −e. For the latter
use, we give a calculation of the twisted equivariant K-group φKG0,c,τ (Cℓ0,1).
First, we consider the case that P 6∈ A or PR = RP . By definition of the
twisted crossed product, we have the isomorphism
G⋉φc,τ Cℓ0,1
∼= A⋉
φ
c,τ (R⋉ Cℓ0,1).
Here, A acts on R⋉Cℓ0,1 as e1 7→ e1 and R 7→ η(g)R, where η(g) ∈ {±1} is
determined by Rg = η(g)gR.
Now, the underlying complex C∗-algebra R ⋉ Cℓ1 is isomorphic to Cℓ2
generated by e and iRe. Hence the fixed point subalgebra of the A-action
on it is Cℓ1,1 when TR = RT and Cℓ0,2 when TR = −RT . In other words,
the A-action on R ⋉ Cℓ0,1 is the same thing as the trivial action on Cℓ1,1
(resp. Cℓ0,2) when TR = RT (resp. TR = −RT ).
For the case that PR = −RP , apply the same argument for G = A×R′,
where R′ is the subgroup generated by RP . It is directly checked that
the underlying complex C∗-algebra R′ ⋉c Cℓ1 is isomorphic to Cℓ1 ⊕ Cℓ1
(generated by (1 + RP )e/2 and (1 − RP )e/2) and the A-action on it is
the same thing as the trivial action on Cℓ0,1 ⊕ Cℓ0,1 (resp. (Cℓ1)R)when
TRP = RPT (resp. TRP = −RPT ).
Finally, by the Green-Julg isomorphism (2.6) we obtain
φKGd−1,c,τ (Cℓ0,1)
∼=


φKAd−1,c,τ (R) if PR = RP and TR = RT,
φKAd+1,c,τ (R) if PR = RP and TR = −RT.
φKAd,c,τ (R)
2 if PR = −RP and TRP = RPT ,
Kd,c,τ (R) if PR = −RP and TRP = −RPT.
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2.2. Coarse C∗-algebras. Next, we review definitions and basic properties
of C∗-algebras arising in coarse geometry and set up our notation. The
reader can find more details in [Roe93, Roe96, HR00, Roe03]. Let X be a
proper (i.e. all bounded closed subsets are compact) discrete metric space
with a proper isometric action of G.
Definition 2.20. A triplet (H, U, π) is a (Real) (X,G)-module if (H, U)
is a (Real) unitary representation of G and π : c0(X) → B(H) is a G-
equivariant (Real) ∗-homomorphism (equivalently, a decomposition H =⊕
x∈X Hx compatible with the G-action). We say that a (Real) (X,G)-
module is finite or uniformly finite if the rank of projections π(δx) (x ∈ X)
are finite or uniformly finite respectively.
Hereafter, we make a technical assumption on G: the order of finite sub-
groups of G is uniformly bounded. For example, any discrete group acting
on Ed satisfies this condition. For such G acting properly and isometrically
on X, set X˜ := {(g, x) ∈ G ×X | gx = x}, which is a free G-space by the
G-action g · (h, x) := (hg−1, gx). Then, we obtain a uniformly finite Real
(X,G)-module
HX,G := ℓ
2(X˜) =
⊕
x∈X
ℓ2(Gx)
with the Real structure given by f(x) := f(x).
Definition 2.21. Let X, G be as above and let (H, U, π) be a (Real) (X,G)-
module. We say that T ∈ B(H) is
◦ controlled (or T has finite propagation) if there is R > 0 such that
Txy := π(δy)Tπ(δx) = 0 if d(x, y) > R,
◦ locally compact if π(δx)T and Tπ(δx) are compact operators for any
x ∈ X,
◦ supported near A if there is R > 0 such that Txy = 0 if d(x,A) > R
or d(y,A) > R.
We write C∗
H
(X)G (resp. C∗
H
(A ⊂ X)G) for the closure of the (Real) ∗-
algebra of G-invariant, controlled and locally compact operators on H (resp.
supported near A). In particular, we simply write
C∗u(X)
G := C∗
HX,G
(X)G,
C∗(X)G := C∗
H∞
X,G
(X)G,
C∗u(A ⊂ X)
G := C∗
HX,G
(A ⊂ X)G,
C∗(A ⊂ X)G := C∗
H∞
X,G
(A ⊂ X)G,
and call them theG-invariant (relative) uniform Roe algebra andG-invariant
(relative) Roe algebra respectively.
The C∗-subalgebra C∗
H
(A ⊂ X)G of C∗
H
(X)G is an ideal. In this paper,
we simply write
C∗H(X,A)
G := C∗H(X)
G/C∗H(A ⊂ X)
G
and define C∗(X,A)G, C∗u(X,A)
G in the same way.
Example 2.22. When G acts on X cocompactly, C∗u(X)
G is isomorphic to
K(ℓ2G(X)) (Lemma 2.3 of [Roe02]). For example, for the Cayley metric space
|G| on which G acts by the left multiplication, we have
C∗u(|G|)
G ∼= C∗r (G), C
∗(|G|)G ∼= C∗r (G)⊗K,
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where C∗r (G) is the reduced group C
∗-algebra. Similarly, for an extension
1 → Π → G → Q→ 1 as in Example 2.9, the Q-C∗-algebra C∗ℓ2(G)(|G|)
Π is
Q-equivariantly isomorphic to K(ℓ2Π(G)).
Example 2.23. It is known that these C∗-algebras are related to certain
groupoids when G is trivial. Let GX be the translation groupoid defined
in Section 3.2 of [STY02]. Then, by the same argument as Lemma 4.4 of
[STY02], we obtain an isomorphism
C∗H(X)
∼= GX ⋉ cb(X;K(H))
where cb(X;K(H)) :=
∏
x∈X K(Hx). For example, C
∗
u(X)
∼= C∗r (GX) and
C∗(X) ∼= GX ⋉ cb(X,K). In particular, for the Cayley metric space |G|, we
have
C∗u(|G|)
∼= G⋉ cb(G), C
∗(|G|) ∼= G⋉ cb(G,K).
Example 2.23 immediately implies that the algebra of observables Zd ⋉
C(Ω) introduced in [Bel86,BvESB94] is a subalgebra of C∗u(X). The same
holds for the observable algebra of aperiodic solids. Let X be a Delone
subset of Ed and let ΓX be the groupoid of the transversal of the hull of X
(Definition 1.9 of [BHZ00]). Note that the target space Γ0X is regarded as a
compactification of X.
Lemma 2.24. There is a surjective groupoid homomorphism GX → ΓX
which induces the inclusion C∗r (ΓX) ⊂ C
∗
u(X).
Proof. Since Γ0X is a compactification of X, we have a unique surjection
f : βX → Γ0X . Recall that the morphism set G
1
X is given by the union of
all subspaces of β(X × X) which are closures of controlled (i.e. d(x, y) is
uniformly bounded) subspaces of X × X. Let Z be a controlled subset of
X×X. Then, the bounded function v : Z → Rd determined by v(x, y)·x = y
extends to the function on βZ = Z ⊂ β(X×X). Now we obtain the desired
groupoid morphism z 7→ (f(x), v(z)). 
Next, we prepare some notions on inclusions of metric spaces related to
the tight-binding approximation of the position space. For a subspace Y of
X and R > 0, we write Pen(Y,R) := {x ∈ X | d(x, Y ) < R}.
Definition 2.25. A discrete subspace X of a metric space M is
◦ uniformly discrete if there is r > 0 such that any closed ball of radius
r in M contains at most one point in X,
◦ relatively dense if there is R > 0 such that any closed ball of radius
R in M contains at least one point in X,
◦ a Delone subset if X is uniformly discrete and relatively dense.
For s closed subspace N of M , we say that a pair of discrete subspaces
Z ⊂ Y of M is a Delone pair of N ⊂ M if Y is a Delone subset of M and
the Hausdorff distance d(N,Z) is finite (in other words, Z is a Delone subset
of Pen(N,R) for some R). For a partition M = M+ ∪M−, X = Y+ ∪ Y−
is a Delone partition of M = M+ ∪ M− if X is a Delone subset of M
and d(Y±,M±) < ∞, d(Z,N) < ∞ holds, where N := M+ ∩ M− and
Z := Y+ ∩ Y−.
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A discrete subspaceX is relatively dense inM if and only if the inclusion is
a coarse equivalence. IfM has bounded geometry, so does X if and only if X
is uniformly discrete. If a partition M =M+∪M− is ω-excisive (i.e. for any
R > 0 there is S > 0 such that Pen(Y1, R) ∩ Pen(Y2, R) ⊂ Pen(Y1 ∩ Y2, S)),
then so are its Delone partitions.
Finally, we remark on coarse invariance of uniform Roe algebras. We
say that two G-spaces are G-equivariantly coarsely equivalent if there are
G-maps f : X˜ → Y˜ and g : Y˜ → X˜ such that there is a nondecreasing
function ρ : R≥0 → R≥0 and R > 0 satisfying
◦ dY (f(x), f(x
′))) ≤ ρ(dX(x, x
′)) and dX(g(y), g(y
′)) ≤ ρ(dY (y, y
′)),
◦ dX(gf(x), x) < R, dY (fg(y), y) < R,
for any x, x′ ∈ X˜ and y, y′ ∈ Y˜ , where dX and dY are metric functions on
X and Y lifted to X˜ and Y˜ . For example, two G-invariant Delone subsets
of a G-metric space M are G-equivariantly coarsely equivalent.
Lemma 2.26. Let X and Y be uniformly discrete G-metric spaces with
bounded geometry which are G-equivariantly coarse equivalent. Then, for
any normal subgroup Π of G, C∗
HX,G
(X)Π and C∗
HY,G
(Y )Π are G/Π-equivariantly
Morita equivalent [Rie76].
Proof. The proof is given in the same way as Theorem 4 of [BNW07] by
using X˜ and Y˜ instead of X and Y . 
2.3. Twisted equivariant K-theory of coarse C∗-algebras. Our main
subject in this paper is the topology of c-twisted G-invariant controlled sym-
metries on (φ, c, τ)-twisted (X,G)-modules (a variation of (X,G)-modules
using (φ, c, τ)-twisted representations as (H, U)). In order to reduce the
problem to calculation of twisted equivariant K-groups, we make the fol-
lowing assumption (note that equivariant K-groups are not represented by
G-invariant operators when G is not compact).
Assumption 2.27. There is an extension 1→ Π→ G→ Q→ 1 such that
Q is finite and (φ, c, τ) is the pull-back of a twist of Q.
For example, CT-type symmetries satisfy this assumption. In addition to
that, we often assume that Π is free abelian.
Example 2.28. Let G := G′ × N , where N is a finite group acting on Ed
trivially and G′ is a discrete subgroup of the Euclidean group Aut(Ed). By
Theorem 1 and Theorem 2 of [Oli80], we obtain
◦ a group extension 1→ Π→ G′ → Q′ → 1 such that Π is a cocompact
free abelian normal subgroup of rank n,
◦ a decomposition Ed ∼= En × Ed−n such that G′ acts on En cocom-
pactly and on Ed−n as a Q′-action.
We remark that the Q′-action on En has a fixed point x0 ∈ E and hence it is
identified with the induced linear action on V := Tx0E
n by the exponential
map. Set Q := Q′ × N and let (φ, c, τ) be a twist of Q. Then, (G,φ, c, τ)
satisfies Assumption 2.27
Let (G,φ, c, τ) be as Assumption 2.27 and let X be a proper metric
space on which G acts properly and isometrically. For a (X,G)-module
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H, C∗
H
(X)Π has a canonical Real Q-C∗-algebra structure. Hereafter, we
simply write
C∗u,G(X)
Π := C∗HX,G(X)
Π, C∗G(X)
Π := C∗H∞
X,G
(X)Π
respectively. Since any uniformly finite (φ, c, τ)-twisted (X,G)-module H is
contained in HX,G ⊗ˆV for some finite dimensional (φ, c, τ)-twisted represen-
tation V, a controlled c-twisted G-invariant symmetry on H determines an
element of the group φKQ0,c,τ (C
∗
u,G(X)
Π).
2.3.1. Direct calculations. First of all, we give a calculation of the K-group
of uniform Roe algebras and Roe algebras of Zd by using the Pimsner-
Voiculescu exact sequence [PV80]. For example, since K0(cb(Z)) ∼= B(Z)
(whereB(Z) ⊂ ZZ is the group of bounded sequences of integers), K0(cb(Z,K)) ∼=
ZZ and K1(cb(Z,K)) ∼= 0 ∼= K1(cb(Z,K)), we have exact sequences
0→ K1(C
∗
u(|Z|))→ B(Z)
shift
−−→ B(Z)→ K0(C
∗
u(|Z|))→ 0,
0→ K1(C
∗(|Z|))→ ZZ
shift
−−→ ZZ → K0(C
∗(|Z|))→ 0.
In particular, K0(C
∗
u(|Z|)) = 0 although K0(C
∗
u(|Z|)) has uncountably many
basis (Example 3.4 of [Sˇpa08]).
By the same argument, we can calculate several KR∗-groups of uniform
Roe algebras and compare them with that of Roe algebras.
Lemma 2.29. The canonical map
KRj(C
∗
u(|Z
d|))→ KRj(C
∗(|Zd|))
is an isomorphism for j = 1, 2, 3, 5, 6, 7 when d = 1, j = 1, 2, 5, 6 when d = 2
and j = 1, 5 when d = 3. Moreover, for j = 0, 4,
KRj(C
∗
u(|Z
d|))/ Im(ιu)∗ → KRj(C
∗(|Zd|)),
where ιu : cb(Z
d) → C∗u(|Z
d|) is the inclusion, is an isomorphism when
d = 0, 1, 2, 3.
Proof. They are direct consequences of the Pimsner-Voiculescu exact se-
quence [PV80] for the crossed product C∗u(|Z
d|) ∼= Zd ⋉ cb(Z
d). Note that
KR∗(cb(Z
d)) ∼= (Z2)
Zd for ∗ = 1, 2 and hence the shift homomorphisms are
surjective. 
2.3.2. Coarse Baum-Connes isomorphism. LetM be a uniformly contractible
metric space with a proper isometric G-action and let X be a G-invariant
Delone subset of M . Following to [Yu97b] and [Sha08], we consider the
twisted equivariant coarse assembly map
µX,G :
φKG∗,c,τ (M)→
φKQ∗,c,τ (C
∗
G(X)
Π)
defined as following. Let [H, π, F ] be a φKG∗,c,τ -cycle of C0(M). As in Lemma
9 of [Sha08], we can replace F with F ′ which is G-invariant and controlled.
Moreover, as in Proposition 6.3.12 of [HR00], we regard H as a (φ, c, τ)-
twisted (X,G)-module by the ∗-representation π′ given by π′(δx) := π(χFx),
where M =
⋃
x∈X Fx is a uniformly bounded Borel partition such that
Fx ∩X = {x} and g(Fx) = Fgx.
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By taking direct sum with a degenerate cycle, we may assume that H ∼=
H∞X,G ⊗ˆV ⊗ˆ Rˆ
2,2
c as (φ, c, τ)-twisted (X,G)-modules, where V is a finite di-
mensional (φ, c, τ)-twisted representation. Therefore, we get
[F ′] ∈ φKQ1,c,τ (M(C
∗
G(X)
Π)/C∗G(X)
Π)vD.
Here, for the definition of Rˆ2,2c and φK
Q
1,c,τ ( )vD, see Definition 5.4 of [Kub15].
Finally, we define the coarse assembly map as
µX,G[H, π, F ] := ∂[F
′] ∈ φKQ0,c,τ (C
∗
G(X)
Π).
Theorem 2.30. When M = Ed, µX,G is an isomorphism.
Sketch of the proof. In the proof, we use the Roe algebra for general (not
necessarily discrete) metric spaces. For the definition, see for example Def-
inition 6.3.8 of [HR00]. We only remark that C∗G(X)
Π and C∗G(E
d)Π have
the same (twisted equivariant) K-theory (Proposition 6.3.12 of [HR00]).
First, consider the case that the G-action on Ed is cocompact. By (2.4),
(2.10) and the same argument as in [Roe02], µX,G is isomorphic to the
Real Baum–Connes assembly map with coefficient in K(V)R, which is an
isomorphism since G has the Haagerup property [HK97].
For general G, the proof is given in a similar way as in [Yu97b]. Let
us choose a decomposition Ed ∼= Ed−n × En as in Example 2.28. For any
G-subspace D of Ed, consider the “partial” localization algebra C∗G,L′(D),
that is, the closure of the ∗-algebra of elements f ∈ C([0,∞), C∗(D)) such
that there is R ∈ C0[0,∞) such that ξf(t)η = 0 if the distance of p(supp ξ)
and p(supp η) is larger than R(t), where p : Ed → En is the projection. In
the same way as [Yu97b,Sha08], we get
µD,G,L′ :
φKG∗,c,τ (D)→
φKQ∗,c,τ (C
∗
G,L′(D))
such that µEd,G = (ev0)∗ ◦ µEd,G,L′ , where ev0 is the evaluation map.
It suffices to show that µEd,G,L′ and (ev0)∗ are isomorphisms. Choose
a simplicial decomposition K˜ of Ed−n compatible with the G-action and
let K(k) := K˜(k) × En. By a Mayer-Vietoris argument as in the proof of
Theorem 3.2 of [Yu97b],µK(k),G,L′ are isomorphisms for any k. Note that the
isomorphism for µK(0),G,L′ follows from the Real Baum–Connes isomorphism
discussed above. We can check that (ev0)∗ is an isomorphism in the same
way as in Section 4 of [Yu97b] by using the scaling map on Ed−n. 
Lemma 2.31. Let G be a finite group and let V be a d-dimensional real
representation of G. Then, there is c′′ ∈ Hom(G,Z2) and τ
′′ ∈ H2(G,Z2)
such that the twisted equivariant K-homology group φKG∗,c,τ (V ) is isomorphic
to φKdimV−∗,c
′,τ ′
G (pt) where c
′ := c+ c′′ and τ ′ = τ + τ ′′+ ǫ(c, c′′). Moreover,
c′′ = 0 if and only if π preserves the orientation of V and τ ′′ = 0 if and only
if G is a Pin representation (i.e. G→ O(V ) gives rise to G→ Pin(V )).
Proof. By taking direct sum with trivial representations, we may assume
that dimV = 8k. Then, the φ-twisted G-action on Cℓ(V ) ∼= K(∆V ),
where ∆V is the unique Z2-graded representation of Cℓ(V ), gives rise to
a (φ, c′′, τ ′′)-twisted representation of G on ∆V . It is actually induced from
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Gτ
′′
→ Pin(V ) where the action of g ∈ Pin(V ) on ∆V is even if and only if
g ∈ Spin(V ) (see Section 1.2 of [LM89]).
By Theorem 7 of [Kas80], we have the isomorphism φKKGc,τ (C0(V ),R)
∼=
φKKGc,τ (R,Cℓ(V )). Now we obtain the desired isomorphism by (2.4). 
Corollary 2.32. Assume that Π is free abelian. Let n := rankΠ, ν ∈
H2Q(BΠ,Tφ) as in Example 2.9, V := Tx0E
d−n, (c′′, τ ′′) the twist corre-
sponding to Cℓ(V ) and c′ := c + c′′, τ ′ := τ + τ ′′ + ǫ(c, c′′). Then, there is
an isomorphism
ΨX,G :
φKQ∗,c,τ (C
∗
G(X)
Π)→ φK−∗+n,c
′,τ ′+ν
Q (BΠ).
In particular, for a product CT-type symmetry (G×A, φ, c, τ) such that G
is finite and acts on Ed by a Spin representation, φKG×A∗,c,τ (C
∗
G(X)) is written
in terms of the representation ring of G as indicated in Example 2.14.
Proof. By Theorem 2.30 and Lemma 2.31, we obtain the isomorphism
φKQ∗,c,τ (C
∗(X)Π)
µX,G
←−−− φKG∗,c,τ (E
d) ∼= φKG∗−n,c′,τ ′(E
d−n)
µX′,G
−−−−→ φKQ∗,c′,τ ′(C
∗(X ′)Π),
where X ′ is a G-invariant Delone subset of Ed−n. It is the desired isomor-
phism by Example 2.22. 
2.3.3. Coarse Mayer-Vietoris exact sequence. Here we review the coarse
analogue of the Mayer-Vietoris exact sequence introduced by Higson–Roe–
Yu [HRY93] (see also [Sie12]).
Theorem 2.33 (Section 5 of [HRY93]). There is an exact sequence
· · · → φKQ∗,c,τ (C
∗
H
(Z ⊂ X)Π)→ φKQ∗,c,τ (C
∗
H
(Y1 ⊂ X)
Π)⊕ φKQ∗,c,τ (C
∗
H
(Y2 ⊂ X)
Π)→
→ φKQ∗,c,τ (C
∗
H
(X)Π)
∂MV−−−→ φKQ∗−1,c,τ (C
∗
H
(Z ⊂ X)Π)→ · · · .
The boundary map ∂MV :
φKQ0,c,τ (C
∗
H
(X)Π)→ φKQ−1,c,τ (C
∗
H
(Z)Π) is given by
∂MV[s] = [σ(sˆ)] ∈
φKQ−1,c,τ (C
∗
H(Z ⊂ X)
Π)
where sˆ := π(χY1)sπ(χY1) ∈ C
∗
H
(Y1).
Note that the inclusion C∗
H
(A)Π → C∗
H
(A ⊂ X)Π induces the isomorphism
of twisted equivariant K-groups (cf. Lemma 1 of [HRY93]).
Proof. Set A := C∗
H
(X)Π, Ik := C
∗
H
(Yk ⊂ X)
Π for k = 1, 2 and J := I1 ∩ I2.
Then, by assumption we have J = C∗
H
(Z ⊂ X)Π and I1+ I2 = A. Note that
A/J ∼= I1/J ⊕ I2/J . We write qk : Ak → Ak/J and θ : A → A/J for the
quotient and pk for the projection A/J → Ik/J .
Now, the coarse Mayer-Vietoris exact sequence is obtained as the long
exact sequence associated to the short exact sequence
0→ SA→ Ω(A; I1, I2)→ I1 ⊕ I2 → 0
where
Ω(A; I1, I2) := {f ∈ C([0, 1], A) | f(0) ∈ I1, f(1) ∈ I2}.
Actually, since Ω(A; I1, I2)/C([0, 1], J) ∼= C0([0, 1), I/J1) ⊕ C0((0, 1], I/J2)
is contractible, we have φKQ∗,c,τ (Ω(A; I1, I2)) ∼=
φKQ∗,c,τ (J).
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Let ψ be the ∗-homomorphism from Ω(A; I1, I2) to
cone(q1) := {(a, f) ∈ I1 ⊕C([0, 1), I1/J) | f(0) = q1(a)}
given by ψ(f) = (f(0), p1 ◦ θ(f)). Then, the diagram
SA
b //
p1◦θ

Ω(A; I1, I2)
ψ

J
i
oo
i′zz✉✉
✉
✉
✉
✉
✉
✉
✉
✉
S(I1/J)
b′ // cone(q1)
commutes. Now, by definition
∂MV = (i∗)
−1 ◦ b∗ :
φKQ∗,c,τ (SA)→
φKQ∗,c,τ (Ω(A : I1, I2))
∼= φKQ∗,c,τ (J),
and hence we obtain
∂MV = (i
′
∗)
−1 ◦ b′∗ ◦ (p1 ◦ θ)∗ = ∂ ◦ (p1 ◦ θ)∗,
where ∂ is the boundary map of the exact sequence 0→ J → I1 → I1/J →
0. 
Corollary 2.34. Let ∂Toep be the boundary map of the Toeplitz extension
0→ A⊗K→ T (A)→ Z⋉A→ 0
where A := Zd−1 ⋉ cb(Z
d). Then, we have ∂MV = f∗ ◦ ∂Toep, where f :
Zd−1⋉cb(Z
d)→ Zd−1⋉cb(Z
d−1) be the ∗-homomorphism of crossed products
induced from the restriction.
In particular, ∂MV ◦ Res = Res ◦∂Toep on
φKG0,c,τ (C
∗
r (Z
d)), where ∂Toep is
the boundary map of the Toeplitz exact sequence
0→ C∗r (Z
d−1)⊗K→ C∗r (Z
d)⊗ T → C∗r (Z
d)→ 0
and Res is the map induced from the inclusion C∗u(|Z
d|)Z
d
→ C∗u(|Z
d|).
Proof. We identify Z⋉A with the subalgebra of B(ℓ2(Zd))⊗B(ℓ2(Z)) gener-
ated by A⊗ 1 and u⊗ v where u is a generator of C∗rZ ⊂ Z⋉A and v is the
birateral shift operator on ℓ2(Z). Then, T (A) is the C∗-algebra generated
by (1⊗ P )(Z⋉A)(1⊗ P ) where P is the projection onto ℓ2(Z≥0). Let p be
the projection onto ℓ2(Zd−1×DZ) where DZ is the diagonal subset of Z×Z.
Then, p commutes with T (A) and the exact sequence
0→ p(A⊗K)p→ p(T (A))p→ p(Z ⋉A)p→ 0
is the same thing as 0 → C∗u(Z ⊂ Y1) → C
∗
u(Y1) → C
∗
u(Z, Y1) → 0 and the
projection A⊗K→ p(A⊗K)p is the same thing as f . 
2.3.4. K-cycles and cyclic cocycles. At the end of this section, we study
fundamental cycles of the coarse C∗-algebras for G-invariant Delone subsets
of Ed. For simplicity, let G be a finite group.
Let V := TxE
d as in Example 2.9, V − := V with the negative definite
inner product −〈 , 〉 and let V˜ := V ⊕V −. Then, Cℓ(V˜ ) has a unique irre-
ducible Z2-graded representation ∆V˜ . For a finite (X,G)-module (H, U, π),
we obtain a twisted equivariant K-cycle
ΞX,H := [H ⊗ˆ∆V˜ , id, F ] ∈
φKKG(C∗H(X)
Π ⊗ˆCℓ(V −),R).
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where id means the canonical inclusion C∗
H
(X)Π ⊗ˆCℓ(V −) ⊂ B(H) ⊗ˆB(∆V˜ )
and
F := D(1 +D2)−1/2,D :=
∑d
j=1
π(xj) ⊗ˆ ej ∈ B(H),
where xj are coordinate functions on X ⊂ E
d and ej are Clifford generators
of Cℓ(V ). Note that C∗
H
(X) are unital and in particular σ-unital. There-
fore, as in Remark 2.7, the twisted Kasparov product induces the group
homomorphism
Ξ∗X,H := ⊗ΞX,H :
φKG0,c,τ (C
∗
H(X))→
φKKG0,c,τ (Cℓ(V
−),R) ∼= φKG0,c,τ (Cℓ(V )).
Here, φKG0,c,τ (Cℓ(V )) is isomorphic to
φK0,c
′,τ ′
G (pt) by Lemma 2.31. For ex-
ample, for a CT-symmetry, Ξ∗X takes value in the group as in Table 2. In
particular, we simply write ΞX := ΞX,HX,G.
Proposition 2.35. The diagram
φKG0,c,τ (C
∗
u,G(X))

Ξ∗
X // φKd,c
′,τ ′
G (pt)
φKG0,c,τ (C
∗
G(X))
ΨX,G
55
❥❥❥❥❥❥❥❥❥❥
commutes, where ΨX,G is the isomorphism given in Corollary 2.32.
Proof. Since C∗G(X) =
⋃
H C
∗
H
(X) where H runs over all finite (X,G)-
submodules of H∞X,G, we have the isomorphism
lim
−→
φKQ0,c,τ (C
∗
H(X))→
φKQ0,c,τ (C
∗(X))
in the same as continuity of K-groups. Since Ξ∗X,H commutes with the
inclusion C∗
H
(X) ⊂ C∗
H′
(X) forH ⊂ H′, Ξ∗X factors through
φKQ0,c,τ(C
∗
G(X)).
By Corollary 2.32, any element in φKG0,c,τ (C
∗
G(X)) is of the form µ(α)⊗ ξ
for some ξ ∈ φKG−d,c,τ (R), where α ∈
φKQd (E
d) is the element represented
by the de Rham operator on Ed (see Section 5.II of [Kas80]). Therefore, it
suffices to show that Ξ∗X(µ(α)) = 1 ∈
φKKQ(R,R). Actually, it is proved
in the same way as Theorem 1 of [Yu97a] that Ξ∗X(µ(α)) coincides with
β ⊗C0(Ed)⊗Cℓ0,d α = 1, where β is the Bott element. 
Remark 2.36. For a general (G,φ, c, τ) satisfying Assumption 2.27, we obtain
a similar index pairing. Recall that we have a decomposition Ed ∼= En−d×En
as in Example 2.28. By Lemma 2.26, we may assume that X = X ′ × X ′′
where X ′ ⊂ Ed−n and X ′′ := G · x′′ ⊂ En are G-invariant Delone subsets.
Then, we have an isomorphism
C∗G(X)
Π ∼= C∗Q(X
′)⊗ C∗G(X
′′)Π ∼= C∗Q(X
′)⊗K(ℓ2Π(G)).
Therefore, by using ΞX′ , we obtain an index pairing which takes value in
φKQ−d,c′,τ ′(K(ℓ
2
Π(G)))
∼= φK
d−n,c′,τ ′+ν
Q (BΠ). By the same proof as Proposition
2.35, we obtain Ξ∗X′ = ΨX,G for this case.
Corollary 2.37. Let G be a discrete group as in Assumption 2.27 such that
Π is free abelian (n := rankΠ) and let X be a G-invariant Delone subset
of Ed. Let ι : cb(X;K(H
∞
X,G)) → C
∗
G(X)
Π be the inclusion. Under the
isomorphism in Corollary 2.32,
20 Y. KUBOTA
◦ Im ι∗ = 0 when n < d.
◦ Im ι∗ is spanned by ℓ
2-IndQGx(
φK∗,c,τGx (pt)) when n = d. In particular,
Im ι∗ ⊂ Triv.
Proof. When n < d, it follows from Ξ∗X(Im ι∗) = 0. When n = d, it follows
from the definition of the ℓ2-induction. 
Next, we relate it with the coarse Mayer–Vietoris exact sequence. For
this, let G be a finite group acting on Ed−1. We choose a decomposition
E1 = E1+ ∪ E
1
− such that E
1
+ ∩ E
1
− = pt and set E
d
± := E
d−1 × E1±.
Corollary 2.38. Let X = Y+ ∪ Y− be a Delone partition of E
d = Ed+ ∪E
d
−.
Set Z := Y+ ∩ Y−. Then, we have
Ξ∗X [s] = Ξ
∗
Z∂MV[s] ∈
φKd,c
′,τ ′
G (pt).
In the same way as Remark 2.36, we obtain the same result when G is a
general discrete group.
Proof. By Proposition 2.35, it suffices to show that ΨZ,G ◦ ∂MV = ΨX,G. It
follows from the fact that the coarse Baum-Connes isomorphism is compat-
ible with the Mayer-Vietoris exact sequences (see for example Section 3 of
[Sie12]). 
For the case of type A or AIII CT-symmetry, this pairing is also related
to the pairing with the fundamental cyclic cocycle. Let ω ∈ βN\N be a free
ultrafilter and let Pω ∈ cb(X)
∗ be the corresponding probability measure on
βX, that is, ∫
f(x)dPω(x) = lim
n→ω
|Λn|
−1
∑
x∈Λn
f(x)
where Λn := [−n, n]∩X. As in the proof of Lemma 4.7 of [Roe03], the state
T ω(a) :=
∫
dPω(x)(Tr(axx))
on C∗uX is tracial since Λn is a Følner set of an amenable uniformly discrete
metric space X. Hence, we obtain a cyclic d-cocycle
T ωd (a0, a1, · · · , ad) :=
∑
σ∈Sn
(−1)|σ|T ω(a0∇σ(1)(a1) · · · ∇σ(d)(ad))(2.39)
on the dense ∗-subalgebra Bu(X) := {a ∈ C
∗
u(X) | ∇j(a) ∈ C
∗
u(X)} of
C∗u(X), where ∇j(a) := i[π(xj), a]. Since Bu(X) has the same K-theory as
C∗u(X) (see Appendix 3 of [Con85]), this pairing induces the group homo-
morphism 〈 ,T ωd 〉 : Kd(C
∗
uX)→ R.
Lemma 2.40. We have 〈ξ,T ωd 〉 = Ξ
∗
Xξ for any ξ ∈ Kd(C
∗
u(X)). In partic-
ular, 〈 ,T ωd 〉 is independent of the choice of ω ∈ βN \N.
Proof. It suffices to show that the Chern-Connes character of ΞX coincides
with T ωd as cyclic cocycles. The proof is given in the same way as Theorem
10 of [BvESB94]. 
Let X = Y+ ∪ Y− be a Delone partition of E
d = Ed+ ∪ E
d
−. In the same
way as above, we obtain a cyclic (d− 1)-cocycle
Tˆ ωd−1(a0, a1, · · · , ad−1) :=
∑
σ∈Sd−1
(−1)|σ|T ω(a0∇σ(1)(a1) · · · ∇σ(d−1)(ad−1))
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on a dense subalgebra of C∗u(Z ⊂ Y1) where Z := Y1∩Y2. By Corollary 2.38
and Lemma 2.40, we have
〈ξ,T ωd 〉 = 〈∂MV(ξ), Tˆ
ω
d−1〉.(2.41)
3. Controlled topological phases
In this section, we introduce the notion of controlled topological phase for
bulk and edge quantum systems with an arbitrary symmetry of quantum
mechanics in the sense of [FM13]. Let (G,φ, c, τ) be as Assumption 2.27
and let X be a proper metric space with proper isometric G-action.
Definition 3.1. We say that a bulk quantum system controlled at X with
the symmetry class (G,φ, c, τ) is a quadruple (H, U, π,H) where
◦ (H, U, π) is a uniformly finite (φ, c, τ)-twisted (X,G)-module,
◦ H ∈ B(H) is a c-twisted G-invariant controlled self-adjoint operator
with a spectral gap at [−ε, ε] for some ε > 0.
A controlled bulk topological phase is a equivalence class of bulk quantum
systems controlled at X with the symmetry class (G,φ, c, τ) with respect to
the equivalence relation generated by the following:
(1) (H, U, π,H) ∼ (H′, U ′, π′,H ′) if there is an isomorphism V : H → H′
of (φ, c, τ)-twisted (X,G)-modules such that V HV ∗ = H ′,
(2) (H, U, π,H0) ∼ (H, U, π,H1) if there is a continuous path Ht ∈
B(H) of c-twisted G-invariant controlled self-adjoint operators with
a spectral gap at [−ε, ε] for some ε > 0,
(3) (H, U, π,H) ∼ (H⊕H′, U ⊕U ′, π⊕π′,H⊕H ′) if H ′ commutes with
π(c0(X)).
We write TP(X;G,φ, c, τ) for the set of bulk topological phases. For a
CT-type (A, τ) with the Cartan label L, we simply write TP(X; L) :=
TP(X;A, φ, c, τ) and TP(X;G,L) := TP(X;G ×A, φ, c, τ).
Remark 3.2. In this framework, we can deal with a Hamiltonian H with a
long range term such that ‖Hxy‖ decays as d(x, y)→∞ uniformly. Actually,
such H is approximated by the controlled operators HR given by
(HR)xy =
{
Hxy d(x, y) < R,
0 d(x, y) ≥ R,
in the norm topology. For a sufficiently large R > 0, ‖H −HR‖ is small
enough that HR has a spectral gap at 0 and all HR′ with R
′ > R are in the
same topological phase.
Remark 3.3. Here, we assume that the Hilbert space H of quantum states
is equipped with an a priori Z2-grading. In the case of AIII systems, it
corresponds to an a priori choice of reference isomorphisms href in [DNG15a].
This assumption is not artificial because H has a canonical Z2-grading for a
large class of examples. For example, when the system has the particle-hole
symmetry such as Bogoliubov–de-Gennes Hamiltonians, H is decomposed
as the direct sum of the particle and hole components.
When H does not have a canonical Z2-grading, we only have to fix an
arbitrary choice of such Z2-gradings. For example, when we consider type
A, AI or AII symmetry class, we can use the trivial grading γH = 1. In fact,
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we give the relation (3) in order for the topological phase of a system to be
independent of the choice of Z2-gradings of H which is compatible with U
and π. Actually, let H′ be the Hilbert space H with another Z2-grading γ
compatible with U and π. Then,
(H, U, π,H) ∼ (H, U, π,H) ⊕ (H′, U, π, γ) ∼ (H, U, π, γ) ⊕ (H′, U, π,H)
∼ (H′, U, π,H),
where the second equivalence is given by the homotopy Rt(H ⊕ γ)R
∗
t where
Rt are the 2-dimensional rotation matrices.
On the other hand, a general quantum system with sublattice symmetry
does not admit any compatible Z2-grading. For example, let X1 and X2 be
mutually disjoint Delone subsets of Ed and let X := X1 ⊔X2. If P acts on
each Hx as +1 for x ∈ X1 and −1 for x ∈ X2, there is no compatible Z2-
grading on H. However, even in this case, sometimes we can get a controlled
bulk quantum system by deforming X. More precisely, if there is another
G-invariant Delone subset X ′ of Ed and a G-map f : X → X ′ such that
d(x, f(x)) is uniormly bounded and
∑
x∈f−1(x′) dimH
0
x =
∑
x∈f−1(x′) dimH
1
x
for any x′ ∈ X ′, we can define a bulk quantum system (H, U, π ◦ f∗,H)
controlled at X ′. For example, in the case of a honeycomb lattice, we get a
map X → X1 by shifting X2 as in Section 3.1 of [GP13].
Proposition 3.4. We have the isomorphism
TP(X;G,φ, τ, c) ∼= φK
Q
0,τ,c(C
∗
u,G(X)
Π)/ Im(ιu)∗,
where ιu : cb(X,K(HX,G))
Π → C∗u,G(X)
Π is the inclusion.
In particular, it is independent of the choice of full G-invariant Delone
subsets X of M up to Im(ιu)∗ by Lemma 2.26.
Proof. We have a well-defined map
Θ : φKQ0,τ,c(C
∗
u,G(X)
Π)→ TP(X;G,φ, c, τ), [s] 7→ (HX,G ⊗ V, U, π, s).
It is suejective because any H is contained in some HX,G ⊗ V and
(H, U, π,H) ∼ (HX,G ⊗ V, U, π,H ⊕ γH⊥) = Θ[H ⊕ γH⊥ ].
By the relation (3), Im ι∗ ⊂ KerΘ. To see that KerΘ = Im ι∗, it suffices to
check [usu∗] = [s] for any even G-invariant unitary u ∈ cb(X;K(HX,G⊗V)).
Set
vt := (u⊕ 1)Rt(u
∗ ⊕ 1)R∗t ∈ cb(X,K((HX,G ⊗ V)
2)).
Then, since v0 = 1⊕1 and v1 = u⊕u
∗, we get a path vt(s⊕γ)v
∗
t connecting
s⊕ γ and usu∗ ⊕ γ, which shows [s] = [usu∗]. 
Remark 3.5. Even if Assumption 2.27 is not satisfied such as the case that
the translation symmetry is twisted by the magetic field, we can consider
cotroled topological phases in the same way. In this case, controlled topo-
logical phases are classified by the twisted equivariant K-group of “twisted”
invariant uniform Roe algebras defined by using twisted (X,G)-modules.
For example, when G = Zd, X = |Zd| and τ is nontrivial, this C∗-algebra is
the same thing as the noncommutative torus C∗−τ,r(Z
d) used in the previous
researches [Con94,BvESB94,KRSB02].
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Example 3.6. When Π = Zd andX = |Zd|, then TP(X; Π,L) is isomrophic to
the reduced KL0-group of the Brillouin torus BΠ because C
∗
u(X)
Π ∼= C∗r (Π)
as is described in Example 2.22.
More generally, whenG is a cocompact discrete Euclidean group, TP(X;G,L)
is isomorphic to KL0,νQ (BΠ)/Triv, which is essentially the same thing as the
set of reduced topological phases RTPF (G,φ, τ, c) of type F in [FM13] (note
that they deal with Galilean spacetimes).
Example 3.7. For a Delone subset of Ed, the group TP(X; L) is isomorphic to
KL0(C
∗
u(X))/ Im(ιu)∗. By Lemma 2.26, they are isomorphic to the groups
calculated in Lemma 2.29 when L is a real Cartan label.
Remark 3.8. The set TP(X;L) is related to the classification of topological
phases via K-groups of noncommutative Brillouin torus. Recall that the
noncommutative Brillouin torus A := Zd ⋉ C(Ω) introduced in [BvESB94]
is a subalgebra of C∗u(X) (Example 2.23 and Lemma 2.24). For any gapped
Hamiltonian H ∈ A ⊗ˆK(V) as in [BvESB94, Thi15, Kel15], the inclusion
j : A→ C∗u(X) induces a homomorphism
KL0(A)→ KL0(C
∗
u(X))→ TP(X;L)
mapping [H] to [ℓ2(X) ⊗ˆV, U, π,H]. We also remark that j∗ΞX ∈ KR
d(A)
is the same thing as the KR-cycle used in [GSB15] and [BCR15].
Example 3.9. Let G be a discrete group acting on the hyperbolic spaceM =
SO+(1, d)/SO(d) properly and isometrically and let X be a G-invariant
Delone subset of M . Then, the Hamiltonian studied in [CHMM98,CHM99]
determines an element in TP(X;G,A) when the 2-cocycle is trivial.
Next we introduce the notion of edge topological phase. In this paper, we
use the hat symbol for objects in edge quantum systems instead of objects
related to Z2-gradings. Let Z ⊂ Y be a pair of metric spaces with a proper
isometric G-action. Here we write q : C∗
H
(Y )→ C∗
H
(Y,Z) for the quotient.
Definition 3.10. We say that an edge quantum system controlled at Z ⊂ Y
with the symmetry class (G,φ, c, τ) is a quadruple (Hˆ, Uˆ, πˆ, Hˆ) where
◦ (Hˆ, Uˆ, πˆ) is a uniformly finite (φ, c, τ)-twisted (Y,G)-module,
◦ Hˆ ∈ B(Hˆ) is a c-twisted G-invariant controlled self-adjoint operator
such that q(Hˆ) ∈ C∗
H
(Y,Z) has a spectral gap at [−ε, ε] for some
ε > 0.
A controlled edge topological phase is a equivalence class of edge quantum
systems controlled at Z ⊂ Y with the symmetry class (G,φ, c, τ) with re-
spect to the equivalence relation generated by the following:
(1) (Hˆ, Uˆ, πˆ, Hˆ) ∼ (Hˆ′, Uˆ ′, πˆ′, Hˆ ′) if there is a unitary V : Hˆ → Hˆ′ such
that V UˆgV
∗ = Uˆ ′g, V πˆ(f)V
∗ = πˆ′(f) and V HˆV ∗ = Hˆ ′,
(2) (Hˆ, Uˆ, πˆ, Hˆ0) ∼ (Hˆ, Uˆ, πˆ, Hˆ1) if there is a continuous path Hˆt ∈ B(Hˆ)
of c-twisted G-invariant controlled self-adjoint operator such that
q(Hˆ) ∈ C∗u(Y,Z) has a spectral gap at [−ε, ε] for some ε > 0,
(3) (Hˆ, Uˆ, πˆ, Hˆ) ∼ (Hˆ ⊕ Hˆ′, Uˆ ⊕ Uˆ ′, πˆ ⊕ πˆ′, Hˆ ⊕ Hˆ ′) if Hˆ ′ is invertible.
We write TˆP(Z ⊂ Y ;G,ϕ, τ, c) for the set of controlled edge topological
phases.
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Proposition 3.11. We have the isomorphism
TˆP(Z ⊂ Y ;G,φ, τ, c) ∼= Im ∂ ⊂ φK
Q
−1,τ,c(C
∗
u,G(Z ⊂ Y )
Π)
where ∂ is the boundary map of the long exact sequence associated to
0→ C∗u,G(Z ⊂ Y )
Π → C∗u,G(Y )
Π → C∗u,G(Y,Z)
Π → 0.
In particular, it is independent of the choice of G-invariant Delone pairs
Z ⊂ Y of N ⊂M by Lemma 2.26.
Proof. We have a well-defined map
Θˆ : φKQ−1,τ,c(C
∗
u,G(Y,Z)
Π)→ TˆP(Z ⊂ Y ;G,φ, τ, c), [s] 7→ (HY,G ⊗ V, U, π, sˆ)
where sˆ is a self-adjoint c-twisted Q-invariant lift of s in C∗u,G(Y )
Π. In the
same way as Proposition 3.4, we obtain that Ker Θˆ = Im q∗ and Θˆ is surjec-
tive. Finally, we obtain the conclusion since φKQ0,τ,c(C
∗
u,G(Y,Z)
Π)/ Im q∗ ∼=
Im ∂. 
4. Bulk-edge correspondence
In this section, we give the definition of the bulk and edge indices of
topological phases controlled at Delone subsets of the Euclidean space Ed
and formulate the bulk-edge correspondence for them.
Let (G,φ, c, τ) be as in Assumption 2.27 such that Π is free abelian (par-
ticularly we take notice of the case as in Example 2.28) and let X be a
G-invariant Delone subset of Ed.
Definition 4.1. We write indb for the group homomorphism
indb : TP(X;G,φ, c, τ) →
φKn−d,c
′,τ ′+ν
Q (BΠ)/Trivd−n
induced from the inclusion C∗u,G(X)
Π → C∗G(X)
Π and the isomorphisms in
Proposition 3.4, Corollary 2.32 and Corollary 2.37. Here, we write Triv0 :=
Triv and Trivk := 0 for k 6= 0.
When n = d, it is merely the quotient map
φKn−d,c
′,τ ′+ν
Q (BΠ)/ Im(ιu)∗ →
φKn−d,c
′,τ ′+ν
Q (BΠ)/Triv
since C∗G(X)
Π ∼= K(ℓ2Π(G))⊗K by Example 2.28. On the other hand, when
n = 0, indb = Ξ
∗
X by Proposition 2.35. In particular, for CT-symmetries,
indb is the same thing as the index pairing introduced in [GSB15] by Remark
2.13.
Next, we give a definition of the edge index. Let Ed = Ed+ ∪ E
d
− be as in
Corollary 2.38 and let Z ⊂ Y be a G-invariant Delone pair (Definition 2.25)
in Ed−1 ⊂ Ed+.
Definition 4.2. We write inde for the group homomorphism
inde : TˆP(Z ⊂ Y ;G,φ, c
′, τ ′)→ φKn−d,c
′,τ ′+ν
Q (BΠ)
induced from the inclusion C∗u,G(Z ⊂ Y )
Π → C∗G(Z ⊂ Y )
Π, Proposition 3.11
and Corollary 2.32.
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Finally, we show the bulk-edge correspondence for these indices. Let
X = Y+ ∪ Y− be a Delone partition of E
d = Ed+ ∪ E
d
− and Z := Y1 ∩ Y2.
Since rankΠ < d, the bulk and edge indices take values in the same group
φKn−d,c
′,τ ′
Q (BΠ). For a bulk quantum system (H, U, π,H) controlled at X
with the symmetry class (G,φ, c, τ), we obtain the edge system of the same
material as
Hˆ := π(χY+)H, Uˆg := Ug|Hˆ, πˆ(f) := π(f)|Hˆ, Hˆ := π(χY+)Hπ(χY+)
where χY+ is the characteristic function on Y+.
Theorem 4.3. Let X,Y±, Z and (G,φ, c, τ) be as above. Then, we have
indb[H, U, π,H] = inde [Hˆ, Uˆ, πˆ, Hˆ].
Proof. It follows from the definition of ΨX,G in Corollary 2.32 and the fact
that µX,G is compatible with the Mayer-Vietoris exact sequences. 
Example 4.4. Consider the 2-dimensional IQHE without translation sym-
metry. As indicated in Table 2, the bulk and edge indices take values in Z.
Now we relate them with the Hall conductance.
Let T ωd be as in (2.39). In the same way as [BvESB94] and [KRSB02],
we obtain the cohomological presentation for the bulk and edge Hall con-
ductance as
σb⊥ :=
e2
h
2πiT ω(P−[∇1(P−),∇2(P−)]) =
e2
h
〈[P−],T
ω
2 〉
σe⊥ := −
e2
h
lim
∆→{0}
1
|∆|
Tˆ (Pˆ∆∇1(Hˆ)) =
e2
h
〈[− exp(πiHˆ)], Tˆ ω1 〉.
Here note that P− ∈ Mn(Bu(X)) since P− is obtained by a holomorphic
functional calculus of the controlled operator H. By Lemma 2.40, they
coincides with indb[H, U, π,H] and inde [Hˆ, Uˆ, πˆ, Hˆ] respectively. By (2.41),
we obtain σb⊥ = σ
e
⊥.
Example 4.5. In the same way as above, the odd cyclic cocycle T ωd gives
a homomorphism TP(X; AIII) → R, which is explicitly written by Prodan–
Schulz-Baldes [PSB14] as
〈[H],T ωd 〉 :=
i(iπ)(d−1)/2
d!!
∑
σ∈Sd
(−1)|σ|T ω(U∗(∇σ(1)U) · · ·U
∗(∇σ(d)U))
where Φ := (1+P )/2 and U := ΦHγΦ is a unitary on ΦH. By Lemma 2.40,
it coincides with the index pairing Ξ∗X [H] ∈ Z. It is also shown in [PSB14]
and related to the index of limit operators. When d = 1, the bulk-edge
correspondence implies that 〈[H],T ω1 〉 coincides with the Fredholm index of
Hˆ0 where Hˆ =
(
0 Hˆ∗0
Hˆ0 0
)
with respect to the Z2-grading given by P .
Example 4.6. For a 2-dimensional Quantum Spin-Hall system (quantum sys-
tems with type AII symmetry) without any other symmetry, the bulk and
edge indices take value in KAII2(R) = KQ2(R)
∼= Z2. We show that it
coincides with the Kane–Mele Z2-invariant or parity of the Spin-Hall con-
ductance.
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Assume that a bulk quantum system (H, π, ϕ,H) has another symmetry,
that is, H = H+ ⊕ H− such that TH± = H∓ and HH± = H± (given
by spectral subspaces of the spin operator sz). In other words, [H+] ∈
K0(C
∗
u(X))
∼= Z, where H+ := H|H+ , satisfies
ℓ2-IndTe [H+] = [H] ∈ KAII0(C
∗
u(X))
∼= KQ2(R)
∼= Z2.
By Example 2.18, we obtain
indb(H, π, ϕ,H) = 2πiT
ω(P−[∇xP1,∇2P−]) mod 2,
which coincides with the definition of Kane-Mele invariant in [ASBVB13].
In the same way, we obtain the edge index
inde(Hˆ, πˆ, ϕˆ, Hˆ) = lim
∆→{0}
1
|∆|
Tˆ (Pˆ∆∇yHˆ) mod 2,
which is the Spin-Hall conductance introduced by Prodan [Pro09a] modulo 2.
We remark that the Z-valued index is a topological invariant if the additional
symmetry is preserved. In the same way, we obtain Z2-invariants for 1-
dimensional type DIII and 3-dimensional type CII topological insulators with
additional symmetry by using with odd cocycles.
By Remark 2.13 and Proposition 2.35, these invariants are the same thing
as the index pairing in [GSB15] and hence the Z2-invariant in [KK15] as is
noted in Remark (ii) of [KK15].
Example 4.7. Consider 3-dimensional type AII topological insulators. Set
Π;= Z3 and X = |Z3|. The bulk indices for Π-invariant and non-invariant
systems take values in
KAII0(BΠ)/Triv ∼= KQ
0(BΠ,pt) ∼= KQ
2(pt)3 ⊕KQ3(pt) ∼= (Z2)
3 ⊕ Z2,
KAII3(pt) ∼= KQ3(pt) ∼= Z2
respectively. Moreover, the restriction map
Res : KAII0(C
∗(X)Π)→ KAII0(C
∗(X))
is given by the projection onto KQ3(pt) ∼= Z2 since the pairing of ΞX
with elements KQ2(pt)3 is zero. Therefore, we obtain one “strong” (i.e.
robust when the translation symmetry is broken) and three “weak” (i.e.
not preserved when the translation symmetry is broken) Z2-valued topolog-
ical invariants as is studied by Moore–Balents [MB07] and Fu–Kane–Mele
[FKM07].
Recall that the bulk and edge index maps are isomorphisms by Lemma
2.29. This mean that the edge (and hence the bulk) index is nontrivial if
and only if there is a topologically robust “topological metal” surface state
in the sense of [FKM07]. Moreover, two 3-dimensional AII systems with
the same strong invariant are in the same topological phase when we the
translation symmetry is broken. We remark that a model with nontrivial
index is found in Section 3.6.3 of [GSB15].
Example 4.8. Consider a topological crystalline insulator with disorder which
is symmetric under the action of a point group G coming from a spin repre-
sentation such as rotations. Then, the bulk and edge indices take values in
the group as in (2.16). In particular, when we consider the group Ck := Z/kZ
acting on E2 by rotations, the indices take values in the group as in (2.17).
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Example 4.9. Consider a topological crystalline insulator with reflection
symmetry, that is, R acts on E1×Ed−1 as (x1, x2, . . . , xn) 7→ (−x1, x2, . . . xn).
Let τ be an arbitrary 2-cocycle of A×R such that (φ, c, τ) is a twist of A×R.
Then, by Corollary 2.32, the indices take values in φKA×Rd−1,c,τ (Cℓ1), which is
calculated in Example 2.19. This conclusion is the same thing as the one
indicated in table VI of [MF13]. We remark that it is exposed in Section
IV.B of [MF13] that the case of PR = −RP and TRP = −RPT has two
components.
Remark 4.10. As a concluding remark, we discuss on the meaning of these
indices. In Example 4.4 and Example 4.6, they are related to the conduc-
tance by the TKNN formula. Moreover, by Lemma 2.29, the edge index is
an isomorphism for
◦ arbitrary types when d = 1 (i.e. the dimension of the edge is 0),
◦ arbitrary types other than type A when d = 2,
◦ type AI, AII, D, C, BDI and CII when d = 3.
In other words, the edge index is trivial if and only if the edge Hamiltonian
is homotopic to an invertible operator, that is, does not have topologically
robust edge channels. On the other hand, Prodan [Pro15] shows that weak
invariants, which is not captured by our index, are protected in TP(G,φ, c, τ)
in the case of type A and AIII insulators by using lower cyclic cocycles.
Let us consider a variation of the quantum systems using finite (X,G)-
modules instead of uniformly finite (X,G)-modules. Then, the equivalence
relation of topological phases is also weakened. Actually, in the same way as
Proposition 3.4 and Proposition 3.11, they are isomorphic to a modification
of twisted equivariant K-groups of Roe algebras, that is, the range of the
bulk and edge indices. In other words, two topological phases have the
same index if and only if they are equivalent in this rough classification.
In particular, the lower cocycle of Prodan [Pro15] are not invariants of this
rough equivalence relation.
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